9th Asia-Pacific Conference on Plasma Physics, 21-26 Sep. 2025 at Fukuoka

AAPPS )

DPP

Helically symmetric equilibria of incompressible MHD in cylindrical geometry
M. Furukawa! and M. Hirota®
'Faculty of Engineering, Tottori University, Japan

Institute of Fluid Science, Tohoku University, Japan
e-mail (speaker): furukawa@tottori-u.ac.jp

A Hamiltonian structure of single helicity and incom-
pressible magnetohydrodynamics (MHD) in a cylindrical
geometry was clarified in [1]. Here, the single helicity
dynamics means that physical quantities have the follow-
ing spatio-temporal dependence

flr,0,z,1) = Z fg(r,t)eiE(MHNO, )
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where f is an arbitrary physical quantity, (r,0,z) are
the cylindrical coordinates, ( := z/Rg with 2w Ry be-
ing the length of the plasma column, M and N are the
principal poloidal and toroidal mode numbers, respec-
tively, and ¢ represents their harmonics. A coordinate
a:= MO/K + z with K := N/Ry # 0 expresses the
phase as /(M6 + N(¢) = (K «. Then f depends on r, «
and ¢ only.

The incompressible fluid velocity v and magnetic
field B are expressed as

u=h x Vo -+ uh, 2)
B =V x h + Byh, 3)

where ¢, up, ¥ and By, are functions of , o and ¢, and

h:=——
K2r?

(—Kr0 + M2) )
is an incompressible vector field. Here, 6 and % are
unit vectors in the 6 and z directions, respectively, and
K2r?:= M? + K%

Appropriate phase-space variables for this system
were found to be v = (v!,v% 03, v*) = (U, up, ¥, Bf)
with U := V - (|h|*V¢) =: Ly and B} := gBj, — f1),
where f(r) == h -V x h = —2MK/(K2r?)? and
g(r) == |h|*> = 1/(KZgr?). The Hamiltonian and the
Poisson tensor is given by

H{v] ::%/dV (-U(L™'U) + gu;,
—p(LY) + é (Bj+ fW) : ©)
[O’U_Ffuh} [Ovuh} [O7¢] [O7gBh]
T = [0, un) 0 0 [0, 9]
. [0, 9] 0 0 0 ’
[0,gBn]  [o,9)] 0 0
(6)

where the Poisson bracket is defined by [a, b] := h-Va x
Vb for arbitrary functions a and b The evolution equation
is given by Ov' /ot = JYSH /507 .

Casimir invariants C'[v], that satisfy J%§C/6v7 = 0,
were found to be

O] = / AV (UF ()

+ (un F () + F5 (1)) (B, + fv)
—fE (V) +unF3(y) + Fu(y)), ()

where F;(v) (i = 1,2,3,4) are arbitrary functions of 1),
and the prime denotes a derivative with respect to 1.

Equilibria of the system can be obtained by setting the
first variation of the energy-Casimir functional F[v] :=
H{[v] + C[v] zero[2]. Three of the four equations can be
solved algebraically as

o= I, ®)
vy = —— (1F3 + F{Fz’) O
L—(F))2\ ¢
By = — (1F1’F3 - F2’> , (10)
1—(F))? \yg

where F| # +1 is assumed. The remaining equation can
be summarized as

/ / n oy 2 1 o 2

(1= (FiY) 0 = FiFd (9 (%) + 2 (5e) )
FEE ' 1 (9E)+ 1Rz
1—(F)> 2 \TF

(11)

fF2’+F4+(

Equation (11) is an elliptic equation for ¥(r, «), and
can be solved under an appropriate boundary condition
such as given 1)y at a radial position. The solution gives a
helically symmetric equilibrium.
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