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For the lower-latitude region, this is reduced to
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This implies that the rotation vector coupled with
inhomogeneous turbulence helicity induces large-scale
vorticity in the direction normal to the tangential surface
in the lower-latitude region. This may enhance the gen-
esis of cyclones in the near-equatorial region (Yokoi &
Yoshizawa, 1993).

Angular Momentum Transport
Equation (3.101) implies that inhomogeneous spatial

distribution of turbulent helicity coupled with mean vor-
tical motion and/or rotation can induce a large-scale flow
in the direction of the mean vorticity/rotation. In other
words, angular momentum is transported to the domain
of flow acceleration and/or generation due to the inho-
mogeneous turbulent helicity effect. Two interesting cases
are suggested next.

(A) Stellar Angular Momentum Transport Stellar and
planetary interior convective motions play key roles in
forming and sustaining stellar and planetary magnetic
fields through dynamo actions. Recent developments
in helioseismology unraveled flow configurations inside
the Sun: the latitudinal and radial distributions of solar
angular velocity and basic patterns of meridional circula-
tion. It has been established that solar azimuthal rotation

represented by solar angular velocity is faster near the
equator and the surface (Miesch, 2005).

Although the detailed pattern of meridional circu-
lation is still an open problem, the basic pattern may
be considered, as shown in Fig. 3.14(a). In the surface
region, the meridional circulation UMC flows poleward,
while at some depth, it returns equatorward. Then the
mean vorticity associated with the meridional circulation
𝛀MC(= ∇ × UMC) is in the westward azimuthal direction.

On the other hand, the spatial distribution of turbulent
kinetic helicity has been obtained using DNSs of the
spherical shell domain mimicking stellar and planetary
convective zones (Duarte, et al., 2016). Following the
numerical results, the radial distribution of turbulent
helicity is schematically depicted in Fig. 3.14(b). At
the bottom boundary of the convective zone, helicity is
null; and near the bottom, it is positive. Positive helic-
ity decreases with radius and becomes negative in the
shallower domain of the convective zone. The magnitude
of the negative helicity decreases as it approaches the
surface and finally becomes null at the surface boundary.
This spatial distribution of helicity is naturally under-
stood from the helicity-generation mechanisms due to
inhomogeneity along the rotation (𝝎F ⋅ ∇)K (equation
(3.84)) discussed in section 3.4.2. If a lump of fluid with
angular momentum approaches the outer boundary, it
expands horizontally due to impinging on the boundary.
Due to the conservation of local angular momentum,
the lump’s rotation decreases, leading to a negative swirl
motion compared to ambient fluids. This is alternatively
expressed by inhomogeneity along the rotation term.

We apply the inhomogeneous helicity effect on the mean
velocity (equation (3.53) with equation (3.58)) to the prob-
lem of angular-momentum transport inside the Sun. Let
us consider angular-momentum transport in the spherical
polar coordinate system (r, 𝜃,𝜙). The angular momentum
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Figure 3.14 Angular momentum transport in the Sun based on the inhomogeneous helicity effect. (a) Basic pattern
of meridional circulation, where UMC is the meridional circulation velocity and 𝛀MC(= ∇ × UMC) is the vortic-
ity associated with meridional circulation. (b) Radial variation of turbulent helicity. (c) Colatitudinal variation of
turbulent helicity. All figures are schematically depicted.
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Fig. 1: Meridional circulation and helicity inhomogeneity. 
Meridional circulation (Left), Radial (Centre) and 
latitudinal (Right) distributions of turbulent helicity.

Fig. 2: Cross-interaction effect in the 𝛼 dynamo. Temporal 
evolutions of kinetic helicity and cross helicity (Upper), 
standard 𝛼 effect and cross-interaction 𝛼 effect (Lower).
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Turbulent fluxes in (magneto-)hydrodynamic flows 
are analysed based on a closure theory of strongly 
non-linear, inhomogeneous and anisotropic 
turbulence. Turbulent helicities represent the 
geometrical and topological information of 
fluctuations, while the turbulent energies do the 
intensity one. Novel turbulent dynamo and 
momentum transport mechanisms relevant to 
circumstances ubiquitous in solar- and astro-physics 
will be argued.

Firstly, the effect of the local density of kinetic 
helicity H=⟨u′⋅𝝎′⟩ (u′: velocity fluctuation, 𝝎′: 
vorticity fluctuation, ⟨⋅⋅⋅⟩: ensemble average) in the 
stellar angular-momentum transport is discussed. In 
addition to the  dynamo effect, the kinetic helicity, 
if coupled with the large-scale vortical motion 𝛀(= ∇⨉𝐔) (𝐔: mean velocity) or rotation 𝝎F, is expected 
to contribute to the linear- and angular-momentum 
transport. The Reynolds and turbulent Maxwell 
stresses 𝙍≡⟨u′u′⟩-⟨b′b′⟩ are expressed as

(1)
where b′ is the magnetic fluctuation in the Alfvén-
speed unit, the indices D and † denote the deviatoric 
part and transpose of a tensor, 𝙎 is the mean velocity 
strain, 𝙈 is the mean magnetic-field strain, 𝝮∗ is the 
mean absolute vorticity (𝝮∗=𝝮∗+2𝛚F), 𝜈T is the eddy 
viscosity, 𝜈M is the magnetic counterpart, and 𝜞 is the 
helicity-related transport coefficient, whose analytical 
and model expressions are obtained from the 
fundamental equations. The role of kinetic helicity in 
the stellar angular-momentum transport will be 
discussed. The large-scale azimuthal vorticity 
associated with the meridional circulation, 𝛀MC (left), 
is coupled with the inhomogeneities of turbulent 
helicity, ∂H/∂r (centre) and (1/r) ∂H/∂𝜃 (right), 
contribute to the azimuthal acceleration of the large-
scale velocity (Fig. 1) [1]. 

Secondly, in the magnetohydrodynamics (MHD), 
the effects of the local density of cross helicity ⟨u′⋅b′⟩ 
in dynamo and flow generation will be discussed. In 
combination of the Coriolis force and the turbulent 
cross helicity, an electromotive force is induced in the 
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This implies that the rotation vector coupled with
inhomogeneous turbulence helicity induces large-scale
vorticity in the direction normal to the tangential surface
in the lower-latitude region. This may enhance the gen-
esis of cyclones in the near-equatorial region (Yokoi &
Yoshizawa, 1993).

Angular Momentum Transport
Equation (3.101) implies that inhomogeneous spatial

distribution of turbulent helicity coupled with mean vor-
tical motion and/or rotation can induce a large-scale flow
in the direction of the mean vorticity/rotation. In other
words, angular momentum is transported to the domain
of flow acceleration and/or generation due to the inho-
mogeneous turbulent helicity effect. Two interesting cases
are suggested next.

(A) Stellar Angular Momentum Transport Stellar and
planetary interior convective motions play key roles in
forming and sustaining stellar and planetary magnetic
fields through dynamo actions. Recent developments
in helioseismology unraveled flow configurations inside
the Sun: the latitudinal and radial distributions of solar
angular velocity and basic patterns of meridional circula-
tion. It has been established that solar azimuthal rotation

represented by solar angular velocity is faster near the
equator and the surface (Miesch, 2005).

Although the detailed pattern of meridional circu-
lation is still an open problem, the basic pattern may
be considered, as shown in Fig. 3.14(a). In the surface
region, the meridional circulation UMC flows poleward,
while at some depth, it returns equatorward. Then the
mean vorticity associated with the meridional circulation
𝛀MC(= ∇ × UMC) is in the westward azimuthal direction.

On the other hand, the spatial distribution of turbulent
kinetic helicity has been obtained using DNSs of the
spherical shell domain mimicking stellar and planetary
convective zones (Duarte, et al., 2016). Following the
numerical results, the radial distribution of turbulent
helicity is schematically depicted in Fig. 3.14(b). At
the bottom boundary of the convective zone, helicity is
null; and near the bottom, it is positive. Positive helic-
ity decreases with radius and becomes negative in the
shallower domain of the convective zone. The magnitude
of the negative helicity decreases as it approaches the
surface and finally becomes null at the surface boundary.
This spatial distribution of helicity is naturally under-
stood from the helicity-generation mechanisms due to
inhomogeneity along the rotation (𝝎F ⋅ ∇)K (equation
(3.84)) discussed in section 3.4.2. If a lump of fluid with
angular momentum approaches the outer boundary, it
expands horizontally due to impinging on the boundary.
Due to the conservation of local angular momentum,
the lump’s rotation decreases, leading to a negative swirl
motion compared to ambient fluids. This is alternatively
expressed by inhomogeneity along the rotation term.

We apply the inhomogeneous helicity effect on the mean
velocity (equation (3.53) with equation (3.58)) to the prob-
lem of angular-momentum transport inside the Sun. Let
us consider angular-momentum transport in the spherical
polar coordinate system (r, 𝜃,𝜙). The angular momentum
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Figure 3.14 Angular momentum transport in the Sun based on the inhomogeneous helicity effect. (a) Basic pattern
of meridional circulation, where UMC is the meridional circulation velocity and 𝛀MC(= ∇ × UMC) is the vortic-
ity associated with meridional circulation. (b) Radial variation of turbulent helicity. (c) Colatitudinal variation of
turbulent helicity. All figures are schematically depicted.
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Fig. 1: Meridional circulation and helicity inhomogeneity. 
Meridional circulation (Left), Radial (Centre) and 
latitudinal (Right) distributions of turbulent helicity.

Fig. 2: Cross-interaction effect in the 𝛼 dynamo. Temporal 
evolutions of kinetic helicity and cross helicity (Upper), 
standard 𝛼 effect and cross-interaction 𝛼 effect (Lower).

direction of 𝝮∗. On the other hand, combination of the 
fluctuating Lorentz force J×b′ and the turbulent cross 
helicity induces an large-scale flow in the direction of ∇×J (J: mean electric-current density). These effects 
may play an important role in stellar convection zone 
with counter-balancing the usual turbulent viscosity. 

Finally, at a very high or low magnetic Prandtl 
number Pm=𝜈∕𝜂 (𝜈: viscosity, 𝜂: resistivity), some 
additional contribution to the 𝛼 effect may arise due 
to the cross responses between the velocity and 
magnetic fluctuations. This cross-response effect has 
not been fully explored in the previous dynamo 
studies (Fig. 2). Relevance of this effect in 
astrophysical phenomena such as the solar convection 
z o n e [Pm=O ( 1 0 - 7 ) –O ( 1 0 - 4 ) ] a n d g a l a x i e s 
[Pm=O(1011)] will be discussed [2]. 

In addition, by considering the production 
mechanisms of the kinetic and cross helicities, an 
interesting consequence of the co-existence of these 
helicities will be argued.
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This implies that the rotation vector coupled with
inhomogeneous turbulence helicity induces large-scale
vorticity in the direction normal to the tangential surface
in the lower-latitude region. This may enhance the gen-
esis of cyclones in the near-equatorial region (Yokoi &
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distribution of turbulent helicity coupled with mean vor-
tical motion and/or rotation can induce a large-scale flow
in the direction of the mean vorticity/rotation. In other
words, angular momentum is transported to the domain
of flow acceleration and/or generation due to the inho-
mogeneous turbulent helicity effect. Two interesting cases
are suggested next.
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forming and sustaining stellar and planetary magnetic
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the Sun: the latitudinal and radial distributions of solar
angular velocity and basic patterns of meridional circula-
tion. It has been established that solar azimuthal rotation

represented by solar angular velocity is faster near the
equator and the surface (Miesch, 2005).

Although the detailed pattern of meridional circu-
lation is still an open problem, the basic pattern may
be considered, as shown in Fig. 3.14(a). In the surface
region, the meridional circulation UMC flows poleward,
while at some depth, it returns equatorward. Then the
mean vorticity associated with the meridional circulation
𝛀MC(= ∇ × UMC) is in the westward azimuthal direction.

On the other hand, the spatial distribution of turbulent
kinetic helicity has been obtained using DNSs of the
spherical shell domain mimicking stellar and planetary
convective zones (Duarte, et al., 2016). Following the
numerical results, the radial distribution of turbulent
helicity is schematically depicted in Fig. 3.14(b). At
the bottom boundary of the convective zone, helicity is
null; and near the bottom, it is positive. Positive helic-
ity decreases with radius and becomes negative in the
shallower domain of the convective zone. The magnitude
of the negative helicity decreases as it approaches the
surface and finally becomes null at the surface boundary.
This spatial distribution of helicity is naturally under-
stood from the helicity-generation mechanisms due to
inhomogeneity along the rotation (𝝎F ⋅ ∇)K (equation
(3.84)) discussed in section 3.4.2. If a lump of fluid with
angular momentum approaches the outer boundary, it
expands horizontally due to impinging on the boundary.
Due to the conservation of local angular momentum,
the lump’s rotation decreases, leading to a negative swirl
motion compared to ambient fluids. This is alternatively
expressed by inhomogeneity along the rotation term.
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velocity (equation (3.53) with equation (3.58)) to the prob-
lem of angular-momentum transport inside the Sun. Let
us consider angular-momentum transport in the spherical
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Figure 3.14 Angular momentum transport in the Sun based on the inhomogeneous helicity effect. (a) Basic pattern
of meridional circulation, where UMC is the meridional circulation velocity and 𝛀MC(= ∇ × UMC) is the vortic-
ity associated with meridional circulation. (b) Radial variation of turbulent helicity. (c) Colatitudinal variation of
turbulent helicity. All figures are schematically depicted.
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Fig. 1: Meridional circulation and helicity inhomogeneity. 
Meridional circulation (Left), Radial (Centre) and 
latitudinal (Right) distributions of turbulent helicity.

Fig. 2: Cross-interaction effect in the 𝛼 dynamo. Temporal 
evolutions of kinetic helicity and cross helicity (Upper), 
standard 𝛼 effect and cross-interaction 𝛼 effect (Lower).


